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We characterize those met&able compact convex sets K that contain a 
Bauer simplex B such that any two affine continuous functions on K coinciding 
on B are equal; further, we show that all metrizable simplexes and dual balls 
of separable L1-preduals have this property. 
We start from the fact that in finite dimensional real vector spaces every 
compact convex set K contains a Bauer simplex B whose affine hull coincides 
with that of K. Here, we try to find out to what extent this result is also true 
for convex sets in infinite dimensional vector spaces. Strictly speaking, we give 
a characterization of those metrizable compact convex sets K which contain 
a Bauer simplex B such that any two affine continuous functions on K coinciding 
on B are equal (Corollary 14). Besides, we show that the class of convex sets 
with this property contains, for example, the metrizable simplexes and the dual 
balls of separable Lr-preduals. Actually, we show more; namely that in the cases 
just mentioned the Bauer simplex can be chosen to be affinely homeomorphic to 
the set &r+([O, 11) of Bore1 probability measures on [0, I]. We derive this result 
from a rather general one (Theorem 10) which seems to be of interest in itself. 
NOTATIONS 
Throughout this paper U4 denotes either the real field R or the complex 
field C. ‘J&(X) (X compact) represents the space of continuous K-valued 
functions on X with the usual supnorm. If N is a Bore1 subset of X then M(N, K) 
(M,+(N)) denotes the set of K-valued bounded (probability) Bore1 measures 
supported by N, and for every f E C,(X) the restriction off to N is written f 1 N . 
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For X E &i+(N), we mean by supp(h) the support of h and by U(N, h) the space 
of equivalence classes of A-integrable functions on iV. If  K is a compact convex 
set ex(K) denotes the set of extreme points of K and A(K) the space of continuous 
affine functions on K. 
DEFINITION 1. Let Y be a compact metric space. We call a bounded function 
p: (Y x Y) + 06 a K-valued total continuous system (t.c. system) on Y if it is 
separately continuous and symmetric and if Cp(., y) 1 y  E Y} is total in C,(Y). 
The following propositions provide several examples of t.c. systems. 
PROPOSITION 2. (a) On [0, l] the e&dean metric defines an R-valued t.c. 
system. As a consequence, every topological space Y homeomorphic to [0, l] has a t.c. 
system. 
(b) Every discontinuum (compact metrizable dense-in-itself O-dimensional 
space) has an R-valued t.c. system. 
Proof. (a) We will show, by induction, that every continuous piecewise 
linear function on [0, l] is an element of the linear hull Lin(& 1 y  E Y}) of the 
set of functions pr (y E Y) where, for every y  E Y, pg is defined by pV(x) := 
/ x - y  1. First, one checks easily that every continuous piecewise linear function 
f on [0, l] with only one corner z E IO, 1[ ( i.e., every continuous function f on 
[0, l] which is affine on [0, z] and [z, I]) is an element of Lin({p, 1 y  E Y}); for 
in this case the following equality holds: 
f = PO . [f(x) + ?z(a - P> * (1 - 41 + Pz . Mu + RI 
+ fl[f@) - $(a - PI .a 
where we put 
o1 .= f(l) -fW p .= f(O) -f&4 
l--z ’ * z . 
Now, assume that h: [0, l] + R is a continuous piecewise linear function with 
exactly (n + 1) corners xi < x2 < ... < x, < x,+r and that every continuous 
piecewise linear function with at most n corners lies in Lin(b, j y  E Y>). Define 
h’: [0, l] + R so that it coincides with h on [0, x,+r] and that is affine on 
[?I T 11. Then, we obtain h = h’ + h”, where h” is of the form 
h”(z) := 0 if z < x,+r 
:= y  . (z - x,+1) if x 3 x,+r 
with y  E R. According to our assumption, h’ and h” are elements of Lin({p, 1 
y  E Y}); thus also h lies in Lin((p, 1 y  E Y}). The assertion of (a) now follows 
5w37/3-9 
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from the fact that the continuous piecewise linear functions are dense in 
C,([O, 11). (b) Since every discontinuum is homeomorphic to the Cantor set ($ we 
have only to prove the assertion for this special case. For p we choose the restric- 
tion of the euclidean metric to Q. Let f : C + [w be continuous, p: [0, l] -+ R 
a continuous extension off and E > 0. Then, there is a continuous piecewise 
linear function h with corners x1 ,..., x, ~10, l[ (x1 < x2 < ... < x,) and 
sup({lf(x) - h(x)1 1 x E [0, l]>) < E. Without loss of generality, we may assume 
thateachinterval]~~, xifl[(i~{l,..., n - 1)) contains a point of 6. For i = l,..., n 
we put yil := sup{x E (I 1 z < xi} and yi” := inf{z E 6 1 z > xi}. The con- 
tinuous function h : [0, l] + R which coincides on 0, 1, yil, yi2 (; = l,..., n) 
with h and is affine on the intervals [0, yI1], [yn2, I], [y>, yi2], [yi2, yi+r] (i = 
1 ,..., n - 1) coincides with h on 6. Thus, every continuous function f on 0: 
can be approximated by continuous piecewise linear functions whose corners 
yr ,...,yn lie in 6. Now, the same reasoning as in (a) leads to a proof of(b). 
Remark 3. If  Y is a compact subset of [w” with non-empty interior then 
p(x,y) := &X9”) defines a E-valued t.c. system p on Y ((x, y) = ((x1 ,..., x,), 
(Y r ,..., m)) = Cy=, x,y,). We state this result without proof since we do not 
consider it essential for the following. 
PROPOSITION 4. If the compact spaces X and Y possess a K-valued t.c. system, 
then (X x Y) also possesses a K-valued t.c. system. 
Proof. Let p1 and p2 be a K-valued t.c. system on X and Y, respectively. 
Then p((x, y), (x’, y’)) := pr(x, x’) . pa(y, y’) defines a K-valued t.c. system 
on (X x Y). This is a simple consequence of the fact that the functions h: 
(X x Y) + K with h(x, y) = f(x) . g(y) (f 6 C,(X), g E C,(Y)) are total in 
Cw(X x Y). 
In order to keep our main result clear we introduce the following notion of an 
admissible triple. 
DEFINITION 5. Let X be a compact space and let A be a norm-closed 
linear subspace of C,(X), N a Bore1 subset of X and h E MI+(N). We call the 
triple (A, IV, A) an admissible triple on X if A, N and X satisfy the following 
conditions: 
(I) A IN := {a IN 1 a E A} is dense in Lr(N, A) (with respect to the L1- 
norm). 
(2) For every a E A, the equality a IN = 0 implies a = 0. 
(3) N = suPP(4. 
Propositions 6 and 8 provide some examples of admissible triples. 
PROPOSITION 6. (a) Let X be a compact metric space and A a uniform 
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algebra in C,(X). Then, for N := a(A) (the Choquet boundary of A) there is a 
measure h E d,+(N) such that (A, N, X) is admissible. 
(b) Let U* be the dual ball of a separable real L1-predual. Then, there 
exists a countable subset NC U* and an atomic measure h E&~+(N) such that 
(A(U*), N, ;\) is admissible. 
Proof. (a) Obviously, N satisfies condition (5.2). Let {x, 1 n E FV} be a 
countable dense subset of N. Then h := cf, 2-” . Szn satisfies condition (5.3). 
To show that A IN is dense in L’(N, A) let us assume that g EL~(N, h) and that 
Cz=, 2-” . g(z,J . a(~,) = 0 holds for every a E A. Since any of the x, (n E lV) 
is a peakpoint of A (see, for example [7]) we obtain g(x,) = 0 for every n E lU, 
which implies that g = 0 /\-almost everywhere. Thus, condition (5.1) is also 
satisfied. 
(b) Let {x, / n E N> be a countable dense (with respect to the w*-topology) 
subset of ex(U*). In all cases where x,, = -x, for m # n we remove exactly 
one of the points X, , x, , whereby we obtain a countable set N := 
({y, 1 n E lV> U (0)) C U* with the following property: 
I f  we put h := cf, 2~” . SVn + 6, it only remains to be proved that A(U*) IN 
is dense in L1(N, A); and this can be seen as in case (a) using the fact that for 
every y  E (N\{O}) there exists a sequence (fJmEwI of continuous functions on 
ex( U*) with 
lim fm(z) = 1 
m-tm 
if z=y 
- 1 -- if z=-y 
Ezz 0 if x # y, z # -y, 
and that each of the functions fin (m E FU) can be extended to an affine function 
of first Baire class on lJ* vanishing in 0 (see, for example, [6 p. 213, Theorem 71) 
and these functions, in turn, are pointwise limits of continuous affine functions 
on U* (see [I, p. 189]). 
LEMMA 7. Suppose that X is a compact metric space, A C C,(X) is sim- 
plicial (for the dejkition of a simplicial space see [4]) and, further that X E dI+(a(A)). 
Then A la(A) is dense in Ll(a(A), h). 
Proof. As we know, the elements of A can be identified with the affine con- 
tinuous functions on the simplex K := {X E A* 1 x > 0, 11 x 11 < l} vanishing 
in 0 (cf. [4]). Let A’ denote the measure on ex(K) corresponding to X. Then 
+(X + 6,) is a boundary measure on K so that A(K) lexca) is dense in Ll(ex(K), 
i(h’ + S,)), due to [l, Propositions I. 6.9 and 11.3.161. Now, let f  ELl(ex(K), x), 
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f(0) = 0, and let a E A(K) be chosen so that J j f  - a 1 d +(xl + S,) < E. Then 
s 
If- a 1 dh’ < 2~, and 1 u(O)1 = j- 1 f  - a I dS, < 2~. 
Thus (u - 1 . a(O)) E A(K) vanishes in 0 and 
/ I f  - a + 1 . a(O)] dh’ < J’ I f  - a I dh’ + I u(O)1 < 4~. 
This consideration shows that A lafA) is dense in Ll(a(A), h). 
PROPOSITION 8. Suppose X is a compact metric space and A C C,(X) is a 
simpliciul space. 
(a) There exist a countable subset NC a(A) and an atomic measure h E 
Al+(N) such that (A, N, h) is admissible. 
(b) If a(A) is dense in itself then there exists a non-atomic measure h E 
J&‘~+(~(A)) szcch that (A, a(A), h) is admissible. 
Proof. As to (a), the proof is essentially the same as that of (6a). Choose a 
countable dense subset N := {x, / n E FJJ> of a(A) and put h := Cz=‘=, 2? . 6,,i . 
That (A, N, X) satisfies condition (5.1) then is a consequence of Lemma 7. 
To prove (b), we fust show that for N := a(A) there exists a non-atomic 
measure h E .,&Z,+(N) with property (5.3). We know that N is a Ga-set (cf. [l, 
Corollary 1.4.41). Now, by a classical result of Alexandroff N can be provided 
with such a metric d that it is complete, separable and dense in itself (with 
respect to d). Then, according to a theorem of Kuratowski [5], there exists a 
continuous map m of (J n [0, 11) onto N ( w h ere 9 denotes the set of irrational 
numbers). Let X1 be the Lebesgue measure on J n [0, 11. Then, the transformed 
measure X : = m(Xl) has the wanted property (5.3). It follows again from Lemma 7 
that X also satisfies condition (5.1). 
Remark 9. Proposition (8a) shows that for every compact metrizable 
simplex K there is a countable set N C ex(K) and an atomic measure h E &r+(N) 
such that (A(K), N, X) is admissible. 
THEOREM 10. Let X and Y be compact metric spaces such that there exists a 
K-valued t.c. system p on Y. In addition, assume that for A C C,(X), NC X and 
X E J%‘~+(N) the triple (A, N, X) is admissible. 
If 4: N + Y is a continuous one-to-one map such that $(N) is dense in Y, then 
the linear map $: A + C,(Y) de$ned by 
($w(Y> : = j-N P(W, Y) * 44 dY4 
is continuous and one to one, and #(A) is dense in CK( Y). 
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Proof. The linear norm continuous map I/ is one to one, as the following con- 
sideration shows. Assume that a E A and that 
for every y  E Y. 
Then 
for all y  E Y, which implies that $(a . h) = 0, according to Definition 1. It 
follows that a . /\ = 0, since 4-r is measurable, and further a = 0, due to 
(5.2) and (5.3). We show now that #(A) . d 1s ense in C,(Y). To this end let us 
assume that p E &I( Y, W) and s 1,4(u) dp = 0 for each a E A. Then, we obtain 
the following equalities for every a E A: 
This implies that s p($(x), y) dp(y) = 0 X- 1 a most everywhere, since j p($( .), y) x 
dp(y) lies in Lm(N, h) and-according to (5.1)---A IN is dense in U(N, h). 
@onsequently JP(~(x), y) dp(y) = 0 f  or every x E IV, since s p(+( .), y) dp(y) is 
continuous. Therefore p = 0, according to the definition of t.c. systems and 
the assumption that 4(N) is dense in Y. Thus, we can conclude that #(A) is 
dense in C,(Y). 
Remark 11. The proof of Theorem 10 shows that in the case of a countable 
set N with X({x}) # 0 for all x E N we need not assume the map 4 to be continu- 
ous. 
COROLLARY 12. Suppose X is a compact metric space, A C C,(X) is a sim- 
pZiciuZ space on X and X E JZI+(a(A)) with supp(X) C a(A). Further, suppose that p 
z’s an [W-valued t.c.system on a(A). For every a E A we de$ne ci: a(A) + Iw by 
Then, we obtain that 
(i) a, b E A coincide ;sf 12 = 6, and 
(ii) for every f E Cw(a(A)) and every E > 0 there exists an a E A such that 
/f(z) - +)I < E for every z E a(A). 
380 H.-U. HESS 
Proof. According to Lemma 7, the assumptions of the corollary imply that 
(A, a(A), h) is an admissible triple. I f  we put Y := a(A) and $ := id,(,) the 
assumptions of Theorem 10 are satisfied and so the assertion follows immediately. 
Remark 13. For any compact interval [a, b] C Iw the transforms x H ji eie~ . 
f(y) d(y) (X E [a, b]) of Lebesgue integrable functions f EU([a, 61, @) are 
uniformly dense in Cc([a, b]). This can be obtained as an immediate conse- 
quence of Corollary 12, Remark 3, and the fact that (Cc([a, b]), [a, 61, X1) is an 
admissible triple. 
The next result is another application of Theorem 10. 
COROLLARY 14. For every met&able compact convex set K the following 
assertions are equivalent: 
(i) There exists a Bauw simplex B C K such that any two functions a, 
b E A(K) which coincide on B are equal. 
(ii) There exists a countable subset N C K and an atomic measure h E J?‘,--(N) 
such that (A(K), N, h) is admissible. 
In particular, we obtain that every metrizable simplex K as well as the dual ball 
K of every separable L1-predual contains a Bauer-simplex B such that any two 
functions a, b E A(K) which coincide on B are equal. 
Proof. In the following proof of the equivalence of (i) and (ii) w-e may 
assume, without loss of generality, that K is not finite dimensional. 
(i) + (ii): We choose for N a countable dense subset {x, 1 n E KJ> of ex(B). 
I f  two functions a, b E A(K) coincide on N they also coincide on B and so they 
are equal. Since A(K) lB is dense in A(B) the set A(K) lex(s) must be dense in 
C,(ex(B)). Thus A(K) IN is dense in Ll(N, X) for all X ~.,&‘i-k(N). Therefore 
(A(K), N, A) is admissible, if we choose /1 so that supp(h) 1 N. 
(ii) 3 (i): One checks easily that for N’ : = (N\{x E N / /\({x>) = 0)) the 
triple (A(K), N’, /\) is also admissible and that /\({x}) # 0 for all x E N’. We know 
by Proposition (2.a) that p(x, y) : = / x - y  / defines a t.c. system on Y := 
[0, 11. Define 4: IV’ -+ Y as a bijection of N’ onto a countable dense subset of Y. 
Then, according to Theorem 10 and Remark 11, there exists a continuous 
linear and positive injection $: A(K) + C,(Y) such that #(A(K)) is dense in 
C,(Y). Further, we see that the function 01 :== #(I) = lp(., $(x)) d/\(x) does 
not vanish anywhere. Thus, putting x := (l/a)+ we obtain the existence of a 
positive continuous linear injection x: A(K) + C,(Y) such that x(A(K)) is 
dense in C,(Y) and x(l) = 1. The B auer simplex B : = (x*)(&i+(Y)) then has 
the wanted properties. The proof of the second assertion follows from Propo- 
sition (6b), Remark 9 and the implication (ii) * (i). 
Remark 15. (a) Using the proof of Proposition (6a) one can show, as in 
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Corollary 14, that the state space {x E A* / /I x/j = x(l) = l} of a separable 
uniform algebra A C Cc(X) contains a Bauer simplex B such that any two 
elements a, b E A which, for all m E B, satisfy m(u) = m(b) are equal. 
(b) As can easily be seen, in Corollary 14, A(K) jB is dense in A(B). 
This result and the fact that A(B) is a lattice enable us to introduce a new 
approximate lattice order in A(K). 
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